Abstract: Risk analysis in the financial market requires the correct evaluation of volatility in terms of both prices and asset returns. Disturbances in quality of information, the economic and political situation and investment speculations cause incredible difficulties in accurate forecasting. From the investor's point of view, the key issue is to minimise the risk of huge losses. This article presents the results of using some selected GARCH-type models, ARMA-GARCH and ARMA-APARCH, in evaluating volatility of asset returns in the metals market. To assess the level of risk, the Value-at-Risk measure is used. The comparison between real and estimated losses (in terms of VaR) is made using the backtesting procedure.
Introduction
The assessment of investment risk is mostly based on the analysis of changes observed in prices or returns on financial assets. In the classical approach, the volatility of those changes is defined in terms of deviations from expected levels. Nevertheless, the characteristics of time series observed in real financial markets clearly reject the use of symmetric measures. There are many factors determining volatility. According to the basic classification, there are two groups of factors: systematic and specific. The first group is represented by changes observed in the majority of macroeconomic indicators (i.e. GDP, inflation, political policy, etc.). It is not possible to reduce such a kind of volatility by efforts of individuals. The other group is determined by factors directly related to the undertaken investment. These factors are called typical or specific. Each investor, if a proper investment strategy is used, is able to reduce their influence on the final result of investment.
Prices and returns volatility is not detached from behavioural attitudes of investors. Volatility represents a general mood observed in the market which affects the level of prices and returns. Each investor reacts subjectively and it is usually difficult to predict his or her behaviour. All these factors together cause the final result of the investment to be uncertain and possibly different from the expected one. In other words, the investment becomes risky. Of course, the difference between the real and expected future value of investment might be understood ambiguously. The most popular approach to risk defining is to look at this problem in its neutral or negative meaning. The neutral approach indicates that the final value of investment is different from the investor's expectations, whereas the negative aspect always assumes the loss of undertaken investment.
To describe properly the volatility of the studied phenomena, it is necessary to choose a suitable statistical model. The applied model depends on the type of volatility. If financial markets are of interest, two types of volatility can be distinguished: historical and implied volatility. The first type is associated with the identification of volatility observed in prices or returns on the basis of historical data. In turn, the implied volatility is associated with the activity of the investor in the area of derivatives, especially options (the implied volatility is calculated on the basis of prices for options issued for a specified underlying asset) (Parasuraman, Ramudu, 2011: 112-120) .
As it can be seen, models describing volatility depend mainly on how volatility is defined. The analysis based only on variance (as a volatility measure) is insufficient. Taking into account the specific characteristics of time series in financial markets, the most popular models describing volatility belong to the class of GARCH models.
Models for conditional volatility: GARCH and APARCH
The autoregressive heteroscedasticity model of order q (ARCH(q)) was proposed as a theoretical tool for volatility modelling by Engle in 1982 (Engle, 1982 : 987-1007 . Due to the need of determining high orders of lags in the ARCH model (and hence a large number of unknown parameters to be estimated), in 1986 Bollerslev (1986 proposed its generalisation called the GARCH model. Mathematically, any GARCH(p, q) model can be described using the following equations 1 : . The error term satisfies the assumptions of εtN(0, 1) and of iid.
The class of GARCH models is comprehensively described in the literature. They have many interesting properties, i.e. the ability of modelling the heavy-tailed distribution. The main disadvantage is that they do not describe asymmetry in the data (the impact of positive and negative information), and do not describe the leverage effect or the long-memory effect.
To solve such problems, Ding et al. (1993: 83-106) proposed a new class of models describing the above-mentioned stylised facts of financial time series. This class of models is called APARCH (Asymmetric Power ARCH). It is a wide group of theoretical tools allowing conditional volatility modelling. The mathematical formula is an extension of (2) and takes the following form (Karanasos, Kim, 2006: 116) :
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As we can see, ARCH and GARCH models are special cases of APARCH. The estimation of unknown parameters is usually conducted using the maximum likelihood method.
Of course, we can point out many other statistical tools used effectively to describe the volatility observed in financial time series (Stochastic Volatility Models, Local/Stochastic Volatility Models, etc.). As this paper presents the results of our initial research in applying volatility models to the data from the precious metals market, we decided to use only the ARCH-based approach.
Conditional error distributions and model fit
While parameters of APARCH model are estimated, an important issue is to correctly determine the conditional distribution of error term ε t . In terms of classical models, this class assumes that the distribution of ε t is Gaussian (standard). In practice, however (due to the characteristics of processes which describe models of conditional variance), other types of distributions are used, especially those allowing for asymmetry, leptokurtosis or outliers. These conditional distributions of residuals can be described by the following density functions:
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where {ε t } is the sequence of iid random variables, is the conditional variance, θ is the vector of estimated parameters, ν is the number of degrees of freedom and is the gamma function with the parameter k. The parameter ν has to be estimated if the t-Student distribution and GED distribution are used.
These types of conditional distributions are commonly used in practice. However, it is also possible to include certain modifications in classical distributions to fit them properly to the data. Looking at the fact that empirical distributions of returns are characterised by a significant level of asymmetry, it is possible to modify the symmetric distribution to take into account the asymmetry observed in the data (Piontek, 2005: 300) .
Let g(x) be the probability density function of random variable X and let it be defined by the functions k 1 (ς) and k 2 (ς). Any skewed distribution f ς (x) is described by the formula:
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Where Ix is the indicator function. If fς(x) defines the skewed probability distribution, the functions kI and kII usually have the form:
The function kI uses the parameter ς for modelling asymmetry (in addition ς  (0, +∞)). For ς  (0, 1), the final distribution is skewed to the left, whereas for ς  (1, +∞), the distribution is skewed to the right respectively. For the function kII, the parameter ς  (-1, 1). For ς  (-1, 0), the final distribution is skewed to the left and for ς  (0, 1), the distribution is skewed to the right.
Any symmetric distribution is obtained if ς = 1 (for kI) and if ς = 0 (for kII).
The assessment of fitting GARCH-type model to the data is usually based on the information criteria: Akaike (AIC), Schwarz (BIC), and Hannan-Quinn (HQC). The values of information criteria are calculated using the formulas below:
Where I x is the indicator function. If f ς (x) defines the skewed probability distribution, the functions k I and k II usually have the form:
or
The function k I uses the parameter ς for modelling asymmetry (in addition ς ∈ (0, +∞)). For ς ∈ (0, 1), the final distribution is skewed to the left, whereas for ς ∈ (1, +∞), the distribution is skewed to the right respectively. For the function k II , the parameter ς ∈ (-1, 1). For ς ∈ (-1, 0), the final distribution is skewed to the left and for ς ∈ (0, 1), the distribution is skewed to the right. Any symmetric distribution is obtained if ς = 1 (for k I ) and if ς = 0 (for k II ).
The assessment of fitting GARCH-type model to the data is usually based on the information criteria: Akaike (AIC), Schwarz (BIC), and Hannan-Quinn (HQC). The values of information criteria are calculated using the formulas below: (10) criteria are calculated using the formulas below:
where LLF(θ) is the log-likelihood function of the parameters vector θ, k is the number of estimated parameters, and n is the number of observations. The lower the values of information criteria, the better the model.
Value-at-Risk and backtesting of VaR
Value-at-Risk (VaR) is one of the most popular measures of risk and is defined as a representation of a potential loss of investment which can occur within some time interval with an arbitrarily determined tolerance level. The general formula defining VaR is as follows (Piontek, 2002: 477): where LLF(θ) is the log-likelihood function of the parameters vector θ, k is the number of estimated parameters, and n is the number of observations. The lower the values of information criteria, the better the model.
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where Vt is the value of investment at the end of the analysed period, Vt-1 is the current investment value, and α is the tolerance level. If the asset return is of interest, the formula (13) has the following representation:
Where rt is the return on asset X at the time-point t, whereas −1 ( ) is the inverse cumulative distribution function.
There are many different methods of estimating VaR but all of them are strongly related to investment risk management. The most popular methods for estimating VaR are the variancecovariance method, the historical simulation method, and methods based on the Extreme Value Theory, or the quantile-based method. All of these methods are determined by some specific assumptions, such as the form of probability distribution, relations between assets in the created portfolio, etc. However, if we look deeper into the theoretical background of VaR, we can find that this measure is not perfect. Its value answers the question about the minimum loss from the investment in α possibles cases. As VaR represents a threshold, this measure of risk does not take (13) where V t is the value of investment at the end of the analysed period, V t-1 is the current investment value, and α is the tolerance level. If the asset return is of interest, the formula (13) has the following representation:
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The disadvantage of VaR is that as a risk measure it is not coherent. VaR does not satisfy the property of subadditivity which assumes that if a portfolio investment is of interest, the overall risk of the portfolio is not higher than the sum of individual risks. This property is satisfied by ES and MS.
The accuracy of VaR models is assessed using the backtesting procedure. To evaluate the effectiveness of estimating VaR, one of the most popular approaches assumes that the series of failures is used in the form presented below (Ganczarek, 2007: 315-320) :
The popular statistical tool used in practice is the Proportion of Failures Test (POF 2 ) proposed by Kupiec (1995: 73-84 ):
where N is the number of observations exceeding VaR for the series of length T.
Precious metals market
This paper presents an alternative approach to the classical financial investments (mainly related to the stock exchange), namely investments in precious metals. This type of assets is one of the oldest financial instruments, but their ability to multiply invested capital is not fully exploited in practice. From the historical perspective, precious metals represent wealth of individuals. Investors that hold this kind of assets are psychologically perceived as more credible or more stable, especially under the conditions of growing market uncertainty. One of the most interesting properties of precious metals is their low correlation with most asset classes (16) The disadvantage of VaR is that as a risk measure it is not coherent. VaR does not satisfy the property of subadditivity which assumes that if a portfolio investment is of interest, the overall risk of the portfolio is not higher than the sum of individual risks. This property is satisfied by ES and MS.
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This paper presents an alternative approach to the classical financial investments (mainly related to the stock exchange), namely investments in precious metals. This type of assets is one of the oldest financial instruments, but their ability to multiply invested capital is not fully exploited in practice. From the historical perspective, precious metals represent wealth of individuals. Investors that hold this kind of assets are psychologically perceived as more credible or more stable, especially under the conditions of growing market uncertainty. One of the most interesting properties of precious metals is their low correlation with most asset classes and their resistance to unpredicted events which may generate extreme risk. They can therefore be treated as an effective and reliable tool for risk management, especially in terms of portfolio 2 Under the null hypothesis, the LRPOF test has χ 2 distribution with 1 degree of freedom. (18) where N is the number of observations exceeding VaR for the series of length T.
This paper presents an alternative approach to the classical financial investments (mainly related to the stock exchange), namely investments in precious metals. This type of assets is one of the oldest financial instruments, but their ability to multiply invested capital is not fully exploited in practice. From the historical perspective, precious metals represent wealth of individuals. Investors that hold this kind of assets are psychologically perceived as more credible or more stable, especially under the conditions of growing market uncertainty. One of the most interesting properties of precious metals is their low correlation with most asset classes and their resistance to unpredicted events which may generate extreme risk. They can therefore be treated as an effective and reliable tool for risk management, especially in terms of portfolio hedging. By adding precious metals to a diversified portfolio, its efficiency can increase, whereby the portfolio risk is lowered, while the portfolio return remains the same or increases (if compared to a diversified portfolio without a precious metals allocation) (Batten et al., 2010: 65-71) .
In general, metal prices are relevant not only for manufacturers and end-users, but also for the economy as a whole. Therefore, their prices/returns volatility has to be examined and well assessed. Taking into account the economic situation of recent years, the importance of precious metals has increased significantly. They provide effective hedging of undertaken investments, especially in times of destabilisation of the economy or a crisis. Precious metals are resistant to changes observed in the market. Over the past four years, the demand for precious metals has been considerably weakened as a result of the improving capital market situation.
When analysing portfolio investments, precious metals are an important part of well-balanced portfolios. They can effectively protect against a high level of volatility and risk observed in the market. Nowadays, we can point out many alternative investment opportunities in the field of precious metals. We can mention direct investments related to the physical purchase of metals, but also indirect investments, in the form of futures contracts, capital market operations, as well as investment funds, Exchange Traded Funds or structured products. Nevertheless, regardless of the choice of form of investment in the investment process, the level and rate of price volatility (and return as well) should be taken into account. It is also worth mentioning the fundamental factors of the price level of precious metals: demand and supply. The main sources of supply are mines, the recovery of precious metal scrap, commercial banks, and central banks. In addition, the world's economic and geopolitical situation, interest rates, central bank policies and the exchange rates associated with them are very significant for precious metal prices (Charles et al., 2015: 284-291) .
Recently, investors have many opportunities to invest their money in precious metals. As mentioned before, one of the most popular investment forms is the indirect one. Its main advantage is higher liquidity and security, and the reduction of high volatility resulting mainly from speculative activities.
Empirical analysis
The empirical example presents the practical application of APARCH-type models in volatility modelling. The analysed data are the log-return of four precious metals: GOLD, SILVER, PLATINUM, and PALLADIUM. The returns are calculated using daily spot closing prices of these metals quoted on the LME within the period January 2010 -December 2015. The verified models are nested AR-MA(1,1)-GARCH(1,1) and ARMA(1,1)-APARCH(1,1) for different conditional error distributions: normal, student and GED. The quality of models was assessed using information criteria of AIC, BIC, and HQC. The backtesting procedure of VaR was conducted for VaR at the confidence level 0.95 and 0.99. First, the time series of returns and squared returns for selected metals is presented in Figure 1 (examples for SILVER and PLATINUM). As we can see in Figure 1 , there are periods characterised by a higher level of volatility. It is easy to show clustering in variance as well. The descriptive statistics for each asset are shown in Table 1 . It is worth noting that only investments in PALLADIUM generated profits in the average meaning. The highest loss was observed for PLATINUM. All re-turns are described by empirical distributions which are leptokurtic and skewed to the left. SILVER proved to be the most risky investment. The results show that probably empirical distributions are not normal. Table 2 provides results for testing normality. None of the empirical distributions belongs to the family of normal distributions, which is confirmed in Figure 2 (examples for GOLD and PALLADIUM). The characteristics of financial time series observed in Figures 1-2 suggest a need to use a more sophisticated approach for volatility modelling than the one based on variance. In this paper, a class of mixed models is proposed: AR-MA(1,1)-GARCH(1,1) and ARMA(1,1)-APARCH(1,1) for three types of error distributions: normal, student and GED. At this stage, it is worth presenting the charts for ACF and PACF functions (examples for PLATINUM and PALLADIUM). The information presented in the charts of autocorrelation and partial autocorrelation functions indicates the order of lags for the ARMA part of the model. At the next stage, the parameters for both ARMA(1,1)-GARCH(1,1) and AR-MA(1,1)-APARCH(1,1) models were estimated, presented respectively in Tables  3 and 4 . As we can infer from the data presented in Tables 3-4 , not every model is statistically significant. If the ARMA(1,1)-GARCH(1,1) model is of interest, statistical significance is observed for GOLD and SILVER, regardless of conditional error distribution. Taking into account the APARCH part of the model for describing conditional volatility, the majority of statistically significant parameters observed for SILVER are for the normally distributed error term. It is interesting that if the APARCH model is considered, the parameters describing the leverage effect are statistically significant only for PALLADIUM. The positive value (observed mostly for PLATINUM and PALLADIUM) means that the past negative shocks have a deeper impact on the current volatility. Tables 5-6 show the assessment of quality for both types of models. Taking into account the results provided by the information criteria, the lowest values, regardless of the type of metal, were obtained for the student or GED distribution, for both ARMA(1,1)-GARCH(1,1) and ARMA(1,1)-APARCH(1,1) models. The theoretical models with corresponding real returns of SILVER and PALLADIUM are presented in The results presented in Table 7 indicate that the highest values of risk measure were obtained for investments in SILVER, whereas the lowest for investments in GOLD. These results strongly correspond to the basic descriptive statistics for these metals. Is worth mentioning again that taking into account the properties of risk measure VaR is not sufficient for measuring risk, so it is better to look at ES and MS. However, if we compare two coherent risk measures ES and MS, it is clear that MS has an advantage over ES, as the median in general is a robust measure, especially in terms of outliers.
At the end of the study, the hypothesis which states that the number of observations exceeding VaR complies with the expected one at the significance level is tested. The results of backtesting VaR using the POF test are shown in Tables  8 and 9 . The critical value verifying the hypothesis about the number of observations exceeding VaR is . The results presented in Tables 8 and 9 show that, regardless of the level of quantile, the model with the error term normally distributed is not correct. The values of Kupiec's test results are statistically significant. The study shows that the best model in this case is the one with residuals described by the student distribution (or rarely by the GED one). As we can see from the results of backtesting VaR, only for the student distribution of error term, the null hypothesis is not rejected.
Conclusions
The analysis of volatility observed in prices and returns of financial time series requires from researchers a somewhat deeper look into the background of theoretical models. This paper shows some results of the application of selected models and risk measures to describe the phenomenon of volatility observed in the precious metals market. The assets selected for this research are: GOLD, SILVER, PLATINUM, and PALLADIUM. Precious metals are an alternative investment area for classical investments undertaken in the capital market, especially during financial crises. Comparing the properties of financial time series of returns in the precious metals market to those observed for stock returns, it is worth emphasising the similarity of tools used for risk analysis in both markets.
In this paper, a class of extended ARCH-type models is proposed -the asymmetric power ARCH models (APARCH). As presented in section 2, ARCH an GARCH models are special cases of APARCH models. This class of models was not proposed accidentally. The APARCH model contains two additional pa-rameters. The first one, δ, plays the role of a Box-Cox transformation of the conditional standard deviation σ t , whereas the parameter γ i reflects the leverage effect. As mentioned, the positive (negative) value of the parameter γ i means that the past negative (positive) shocks have a deeper impact on current conditional volatility. Looking at the results, it can be seen that the ARMA(1,1)-GARCH(1,1) model is statistically significant only for GOLD and SILVER, regardless of conditional error distribution. Taking into account the APARCH model, the majority of statistically significant parameters observed for SILVER are for the normally distributed error term. Additionally, if the APARCH model is used, the parameters describing the leverage effect are statistically significant only for PALLADIUM. The assessment of quality of the model with the use of information criteria indicates that the lowest values, regardless of the type of metal, were obtained for the student or GED distribution, so these error terms in the models should be used for volatility modelling.
The analysis of volatility was enriched with risk measurement using VaR and measures based on it: Expected Shortfall and Median Shortfall. These two last measures belong to the family of coherent risk measures. In addition to the estimation of risk measures, the hypothesis which states that the number of observations exceeding VaR complies with the expected ones at the significance level was verified using Kupiec's test. The analysis shows that the best model in this case is the one with residuals described by the student distribution.
Summing up all the remarks and conclusions presented in this paper, a need to use more advanced models in the assessment of volatility in the market of precious metals than classical GARCH-type models should be emphasised. It is also important to select an appropriate risk measure that will be robust to the presence of outliers.
